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ABSTRACT

Let L be a uniformly elliptic second order differential operator with nice
coefficients, defined on a smooth, bounded domain in R?, d > 2, with
either the Dirichlet or an oblique-derivative boundary condition. In this
work we study the asymptotics for the principal eigenvalue of L under hard
and soft obstacle perturbations. The hard obstacle perturbation of L is
obtained by making a finite number of holes with the Dirichlet boundary
condition on their boundaries. The main result gives the asymptotic shift
of the principal eigenvalue as the holes shrink to points. The rates are
expressed in terms of the Newtonian capacity of the holes and the prin-
cipal eigenfunctions for the unperturbed operator and its formal adjoint.
The soft obstacle corresponds to a finite number of compactly supported
finite potential wells. Here we only consider the oblique-derivative Lapla-
cian. The main difference from the hard obstacle problem is that phase
transitions occur, due to the various scaling possibilities. Our results gen-
eralize known results on similar perturbations for selfadjoint operators.

Our approach is probabilistic.
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1. Introduction and statement of results

Let D cC R%, d > 2, be a smooth, bounded domain. Define the second order
elliptic operator L = Ly +V, where

1
L0:2V~aV+b~V,

a = {ai;}f;-; € C**(R?) is uniformly elliptic on R?, b = (by,...,bs) €
CHRY) and V € C*(RY) , for some o € (0,1). The boundary condition
on 0D which we relate to L is one of the following;:

BC 1. Dirichlet boundary condition.

BC 2. v-oblique derivative boundary condition. Let v : 0D — S9! be smooth
and satisfy v(x) - 7 (x) > 0, where 7 is the inward unit normal to D
at dD. Then u satisfies the v-oblique derivative boundary condition if
Vu-v=0ondD.

The first main result is the asymptotic behavior of the shift in the principal
eigenvalue of L. when a small set, A., is removed from D and the Dirichlet
boundary condition is imposed on 0A.. We assume that A, = U;L:1 Al where
for each j, A’

! shrink to a point x; € D, the points z1,...,x, being distinct,

as € — 0. This type of perturbation is also known as a “hard obstacle”. In
the self-adjoint case, the spectral shift has been extensively studied. In fact,
a complete asymptotic expansion for the principal eigenvalue as well as for
the corresponding eigenfunction are known [5, Chapter 9]. The leading order
correction for all eigenvalues is also known [1]. The latter paper also includes a
detailed section on the history of the problem. Very little is known on the non-
selfadjoint case. In a recent paper [8], the shift for the principal eigenvalue for a
large class of non-selfadjoint operators was studied. The case considered there
is when the hard obstacle is a ball with respect to a local metric compatible with
the operator, V = 0 and BC 2. In the present work, we elaborate the methods
of [8] and develop other techniques to deal with more general setups. The
core idea is that for elliptic operators which are generators of positive recurrent
diffusion processes, the expected hitting time of a small set is asymptotically
reciprocal to the principal eigenvalue of the operator in the punctured domain.
As a byproduct, we also obtain the asymptotics for the expected hitting times of
A.. The Khasminskii formula for the invariant measure of a positive recurrent
diffusion links the hitting time of a small set, the invariant measure and the
Newtonian capacity. In the case of BC 2, L is indeed a generator of a positive
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recurrent diffusion process. In the case of BC 1 and/or the case of a nonzero
potential V| one obtains a generator of a positive recurrent process by shifting
the spectrum and performing an h-transform.

The second type of perturbation considered is the “soft obstacle”: instead
of removing subsets, we define finite potentials on them. More precisely, we
fix 21,...,2, € D and define We(z) = g(e) 327, W(|lz — aj]e”"), where W is
positive with compact support and g, the scale function, is positive and non-
increasing on (0,00). With this terminology, the hard obstacle may be consid-
ered as an infinite potential. Our discussion of the soft obstacle is restricted
to the oblique-derivative Laplacian, due to the fact that an analytic expression
for the shift in terms of W is more difficult to obtain when L has nonconstant
coefficients. The fundamental difference between this case and the previous one
is that the asymptotics are determined by the behavior of g near 0. One regime,
corresponding to sufficiently fast blow-up of g near 0, coincides with the hard
obstacle; hence W plays no role in this regime. It is also intuitively clear that
to the other extreme, by choosing ¢ “moderate” enough, the shift can be made
arbitrarily small and will depend linearly on W. The borderline case exhibits
the most interesting behavior: on the one hand the rate depends (nonlinearly)
on W, but on the other hand, its dependence on ¢ is similar to that of the hard
obstacle.

The third perturbation that we treat is of a periodic model of the crushed-ice
problem for the Neumann-Laplacian. We recall that in the crushed-ice model,
the hard obstacle consists of finitely many subsets, say identical balls, whose
number goes to infinity as the diameter of each goes to zero. One approach to
overcome the increasingly high complexity of this model is to assume that the
centers of the balls form a sequence of identically distributed random variables;
see [3] for the Dirichlet Laplacian and [6] for the Neumann-Laplacian. The as-
ymptotic spectral shift converges to some limit in probability. For deterministic
models, one may apply the method of homogenization. This is a powerful tool
for studying periodic or almost period setups [4]. Here we consider a very simple
model: we assume that the centers of the balls are located on lattice points of
8Z% for some 6 > 0 which depends on the radius of the balls. We show that the
naive “limit” of the spectral shifts from the previous discussions obtained by
letting the number of balls go to infinity is indeed the correct expression. This
result is not new. We have decided to include it for two reasons: To provide
some comparison with the subject of our study, the finite-obstacle case, and
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since our proof is very short. Of course, much more general results can be ob-
tained by homogenization. Although we only consider the principal eigenvalue,
the proof readily extends to the spectral shift of all the eigenvalues. Finally,
we remark that this result can be compared with the estimates in [9] and [10],
where a similar model was studied under a certain uniform-spacing assumption
on the centers of the balls.

Let A\. denote the principal eigenvalue for L in D with boundary condition
BC 1 or BC 2. Since V is bounded, A. is finite. Let L denote the formal
adjoint of L: L = 3V - (aV) =b-V — V- b, with a corresponding boundary
condition. We denote by ¢, and E; the positive eigenfunctions for L and E,
respectively, corresponding to the eigenvalue \., with the normalization

(1.1) /D botodr = 1.

In what follows we write a. ~ b, for lim. g ac/b. = 1.

1.1. THE HARD OBSTACLE CASE. Before stating the result we need some defi-
nitions. Let 2 € R? and let {H}¢>0 be subsets of R? with smooth boundaries
such that H.” is connected. We say that {H,}cso shrinks regularly to z if
there exists a constant K > 1 such that for all € > 0,

(1.2) B. k(r) CC H. CC Bek ().

Let E ¢ R? denote a smooth domain and let A CC E be an open subset such
that F\A is connected. We define Cap,(A4, E), the capacity of A in E with
respect to a, by

1

Cap, (A, F) = i
P (4. E) (ueC (B), ulaz1} 2

/ Vu - aVudz.
E

The infimum is uniquely attained by a function known as the capacitary po-
tential of A in E with respect to a. The capacitary potential is the solution
to

iV-(aVu)=0 in E\4; (a)
(1.3) u=1 on 0A; (b)
u=0 on OJE. (c)
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Suppose that {H.}cso shrinks regularly to xg, with H. CC Bj(x¢). Define

Cap,(H, B1(x0)), d=2;

Capa(Hﬁ) =
limp o Cap,(H,, Br(zg)), d>3.

We remark that the above expression for Cap,(H.) when d > 3 is equal to
Cap, (H,, Rd) and the corresponding capacitary potential is the minimal positive
solution to (1.3)(a),(b) in R%. In the sequel, we will write Cap,(¢) as a short
notation for Cap;4(B.(0)). Let wy denote the volume of the unit ball in R%. Tt
is well-known that

i d=2;
(1.4) Capy(e) = { ¢
d d(d722)wd €d72 d Z 3.

We are ready to state the main result:

THEOREM 1.1: Let {x1,...,2,} C D and assume that forj = 1,...,n, {Al}.~o
shrinks regularly to z;. Let Ac = J;_, A] and let A, denote the principal
eigenvalue for L in D\ A, with the Dirichlet boundary condition on 0A. and
boundary condition BC 1 or BC 2 on dD. Then

Ae — Acye ~ Z qﬁc;#z(acj)Capa(Ij)(Ai), ase— 0.

j=1

In the next theorem we find an explicit expression for the capacities appearing
in Theorem 1.1 for obstacles whose shape is “compatible” with L in the sense
we describe below. Given a positive definite d X d matrix A, let

V- Az
(1.5) lz|la = |A|2ld , xeR%

where |A| denotes the determinant of A. This is a norm on R? which preserves
the standard Euclidean volume. For ¢ > 0 and = € R?, let BX(z) denote the
open ball of radius € centered at x with respect to the || - [[s-norm. We will

explicitly compute Capa(lo)(Bgil(zO)(aco)), giving us the following theorem:

L,
THEOREM 1.2: Let A, = U?Zl B,Zj6 (I’)(zj), where {x1,...,2,} C D and
ki,...,ky, are positive constants. Then

Ae = Aee ~ Capy(€) Y dete(y)lalz) k2, ase—0.

j=1
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where Cap,(€) is as in (1.4).

Ramark: In the case of BC 2, with V = 0 and n = 1, the theorem was obtained
in [8].

1.2. THE SOFT OBSTACLE CASE. Here we assume that L = JA with BC 2.
Then ¢. is a positive constant and A\, = 0. Let

We(z) = g(e) Y W(lz —ajl/e),

j=1
where
o {z1,...,2,} CD.
e W :[0,00) — [0,00), is a nonnegative, continuous on [0, 1] and vanishes
outside [0, 1].
e g:(0,00) — (0,00) is non-increasing and satisfies

0.50] 57 = lim gle)ene !t d=2;
=0 | g(e)e? d> 3.

Recall the modified Bessel function I,(z) = e~ 2P™.J,(ix), where .J, is the Bessel
function of order p. The function I, admits the following power series represen-
tation [11, page 138]:

Z/2 p+2k

(16) < kID(p+k+1)

We assume that ¢. = 1, in which case (1.1) implies that

/D;#z(ac)dac =1

THEOREM 1.3: Let .. denote the principal eigenvalue for éA — We.
(1) If y =0, then
et pe(w)) W(l|z|)dx
j=1

B1(0)

(2) If v € (0,00) and W = B1jg,1}, B > 0, then

tL— (1+ﬁ1»y)717 d=2;

—Ac,e ™~ Capy(e) Z¢ (1 4 -2 Tija 1(\/2ﬁw)> 1
Jj=1 \/2ﬁ'y Tay2(V/267)
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In particular, if d = 3, then

tanhwww) o
—Aee ~2me (1 — e(25).
o~ ame (1 D > ey

(3) If v = oo, then
—Ac,e ~ Capy(e) Za(%)
j=1

1.3. THE CRUSHED-ICE PROBLEM. To construct the model, consider the §-
lattice consisting of the points in R? of the form dq, ¢ € Z¢, where ¢ is a
positive constant. Given r > 0, we say that a d-lattice point in D is an 7-
interior point if its distance from the boundary is greater than r. For every
m € N we choose d(m),r(m), such that M(m), the number of r(m)-interior
d(m)-lattice points of D, satisfies lim,, oo M(m)/m = 1. Let {ac;”}j\i(fn) be an
arbitrary indexing of the interior lattice points. Let K be a compact subset
of B1(0), which is smooth, symmetric about the origin and such that K¢ is
connected. Let A,, = U;Vi(lm) (r(m)K + 27"). Let AU denote the principal
eigenvalue for éA on D\ A,,, subject to the Neumann boundary condition on
0D. Although we state the result only for the hard obstacle case, it remains
true also for the soft obstacle case, with the appropriate changes.

THEOREM 1.4: If

mlnr(m) ", =2; )
0= lim exists,
m— 00 mr(m)d 2, >
then
m—oco D

Ramark: Theorem 1.4 shows that the naive limit, obtained by taking the asymp-
totics given by Theorem 1.1 as n — oo, is achieved.

2. Proofs of Theorems 1.1 and 1.2

We begin by introducing the probabilistic machinery. Define the h-transformed
operator L by

L= (L 7>\c)¢ca
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where
L=A)ef = 4 L=Ae)(@ed).
We have
(2.1) L=1Lg MWSC -V.
Pc
We also denote by L the formal adjoint of L:
(22) L=,V -@V)-(bta VO Big) - va.(bmwﬁ).
2 Pe Pe

By the invariance of the spectrum under hA-transform, it follows that the princi-
pal eigenvalue for £ is 0. Instead of working with L directly, we will work with
L. The zeroth order term of £ vanishes, therefore we regard £ as the generator
of a diffusion process on D. We denote by X = {X(¢) : t > 0} the canonical
process, P, (-) the probability measure for the process with X (0) = z for some
x € D, and E,(-) the expectation. With BC 1, X never hits 9D (the drift

Vf‘ prevents this). With BC 2, X is v-reflected at 9D. Let pu = qﬁc?q;;. Then

Eu = 0. Hence by (1.1), u is the invariant probability density for the diffusion
X. The invariant probability measure will be denoted by u as well. As in The-
orem 1.1, we denote the support of the obstacle by A, = U;'L:1 AJ where in the
soft obstacle case we have A? = B.(x;). For a Borel set E C D, we let
g =inf{t >0: X(t) € OF} and 7. =74,.

Below, U CC D is a smooth subdomain such that {z1,...,2,} C U. Let
G(-,-) be the Green’s function for £ in U. Whenever one of the two variables
of G is replaced with a measure, a function or a set, we should interpret the
expression as the integration of that variable with respect to the corresponding
measure, function or over the corresponding set (e.g., when « is a measure,

= [, G(z,y)do(x), when A is a subset, G(z, A) = [, G(z,y)dy, etc.).

For € > 0 sufficiently small so that A, CC U, define a sequence of stopping
times as follows:

o1 =inf{t > 0: X (t) € OU},
e = inf{t > o : X(t) € 0A.}, and
Opr1 = inf{t > : X(t) € OU}.

The process X (01), X (m1),... is an irreducible Markov process on a compact
state space; therefore it has a unique invariant probability measure. This implies
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the existence of probability measures m; . on 0A. and mg . on OU, satisfying
P, (X(01) € -) = mac and P, (X(m1) € -) = mi.. The next formula is
known as the Khasminskii construction for invariant measures [2]:

By, J 14(X(s))ds

(2.3) n(A) = E,

,  for every Borel set A C D.

We now derive a formula for the density of y on A.. Let y € A. and as-
sume that & > 0 is sufficiently small so that Bs(y) C A.. Observe that
Emn, . 0771 1p,(y)(X(s))ds = Epp,, , 001 1p,(y)(X(s))ds. By definition of Green’s
function, the right-hand side above equals G(m1 ., Bs(y)). Thus, (2.3) can be

written as

G(ml,ea B5(y))

Enbl =
’ w(Bs(y))
Letting § — 0, we obtain
G(ml €9 y)
2.4 Epy .1 = 7 ye A
@4 T ()

We state a sequence of propositions, which culminate with the proof of The-
orem 1.1. Then we prove Theorem 1.2. After that we return to prove the
propositions.

PROPOSITION 2.1: As e — 0, the functions
()\C_)\C,E)E.'L'T€7 T e D\{l‘lv---axn}-

converge to 1, uniformly on compact subsets of D\{x1,...,z,}.

We now define £, an energy functional which is an analogue in the non-
selfadjoint case of the Newtonian capacity. Our strategy is to express the
asymptotics for A — Ac in terms of this energy functional and then by approx-
imation of L with a constant coefficients operator show that the asymptotics of
the energy can be expressed in terms of the Newtonian capacity and p.

Let £ C D denote a smooth subdomain and let A CC E be an open subset
such that E\ A is connected. We define £¢(A4, E) by

1
Ec(AE) = ) /E\A(Vu -aVu)pdz,
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where u is the solution to

Lu=0 in F\A4;
(2.5) u=1 on JA4;
u=0 onJFE.

Note here that p is uniquely determined by £ — it is the invariant probability
density for the diffusion process corresponding to £. The function u will be
called the Ep-capacitary potential. Let £ = %V - (aV), with the co-normal
boundary condition, aVu - 7 = 0 on D, where 7 is the outward unit normal
to D on @D. Then the corresponding invariant density is 1/|D| and comparing
the definition of £, with the definition of Cap, above (1.3), we observe that
for £ C D,

1
Cap, (A, E).

Ec(AE) = D)

PROPOSITION 2.2:

EE(AG; U) = (Eml,enl)il = (Emzea@)il'

ProrosITION 2.3: Let U; CC U, j = 1,...,n be smooth domains such that
x; € Uj. Let €y > 0 be such that for alle < € and forall j =1,...,n, Al CC U;
and fix € < €g.

(1) Let u denote the Eg-capacitary potential of A. in U and let p. =
maXge(Jn_, oU; u(z). Then

(2.6) (AL U) < zn: < (1—p)teL(AL,U).

(2) Let Q C RY be a domain. If d = 2, assume further that Q is bounded.
Let u denote the capacitary potential of A. in  with respect to a and
let pe = maxye(Jr_, ou; u(z). Then

(27)  Capy(A,Q) < ) Cap, (AL U;) < (1= pe) ™ Cap, (A, )
j=1
In both cases (1) and (2), lim._. p. = 0.

Here is an immediate corollary:
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COROLLARY 1: Let E C R% be bounded and smooth. Then
Cap, (Al) ~ Cap, (AL E), ase— 0.

Proposition 2.3 indicates that the asymptotics of £¢(A.,U) are determined
by local terms. The next lemma gives a local expression for the asymptotics of
Ec(AI,U;). In the trivial case where a and p are constants, such an expression
can be readily obtained from the definitions. In the more general framework
we employ the continuity of the coefficients of £ and of p to obtain good ap-
proximation for £, in terms of the Newtonian capacity for a constant coefficient
operator. Comparing the definition of £, (above (2.5)) with the definition of
Cap,, (above (1.3)), this type of argument should result in an asymptotic expres-
sion which is the product of u(z;) and Capg(,,)(Ae). The next lemma makes
the above heuristics precise. Although intuitively clear, the proof is tedious.

ProrosITION 2.4:
Ec(ALU) ~ u(zl)Capa(Il)(Ai), as e — 0.
Theorem 1.1 follows directly from Propositions 2.1, 2.2, 2.3 and 2.4.

Proof of Theorem 1.2. Fix xq € D. For convenience, we will assume that 2o = 0
and write a for a(0). In light of Theorem 1.1, it is enough to show that as e — 0,

1/2 d=2:
a=?t Ine—? |a| ’
(28) Capa (Be (0)) d(d—2)wq |a|1/d€d—2 d>3

5 > 3.
The proof is straightforward. By changing variables, we transform the question
of the capacity of a || - ||,-1-ball into the question of the capacity of a ball with
respect to the identity matrix. The answer to the latter question is well-known
and is given by (1.4). Fix p > 0. Then

Bgil(o) — {22 a Yz <|a| Y92 = {aVy :y -y < |a|"V4p?)
= a1/23|a|71/(2d>p(0).

Therefore, if

Zafl(e, D={x:e<||z)q-1 < 1},
then

Z¢f1(67 1) = a1/2|a|’21d Zld(e, 1),
and we can define a bijection from the functions on Z% (¢,1) to the functions
on Z'(e, 1) given by v — ¥, where o(y) = v(a'/?|a|"/*y). Let u be the



192 IDDO BEN-ARI Isr. J. Math.

capacitary potential for B2 (0) in B¢ (0) with respect to a. Let ¢ be a
smooth function on Z2 ' (¢, 1). It follows from the change of variables formula
that

(2.9) /Z . aVu(z) - Vo(z)dz = |a]'/? / Vii(y) - Vo(y)dy.

Z1d(e,1)

Ifpe C’f"(Z‘f1 (e,1)), then integration by parts gives:
/ aVu(x) - Ve(z)dx = 0.
Za" 1 (e,1)

Thus, it follows from (2.9) that fzfd(e,1) Vau(y) - Vo(y)dy = 0. Since ¢ is
arbitrary, this implies Au = 0. Since & = 0 on 9B1(0) and @ = 1 on dB.(0),
we conclude that @ is the capacitary potential for B.(0) in B;(0) with respect
to the identity matrix. By choosing ¢ = u we obtain from (2.9):

1/d
1/2/ aVu(z) - V(z)dz = o / [Va(y)|*dy
Za" 1 (e,1) 2 Z1d(e,1)

= Ca,p]d(Be(O)a Bl (0))

Since u is the capacitary potential for B2 (0) in B¢ ' (0) with respect to a, the
left-hand side is equal to Cap,(B® ' (0), B¢ (0)). Thus, we have shown that

Cap, (B (0), B (0)) = la]"/*Capy4(Be(0), B1(0)).
Therefore, by Corollary 1 we have
(2.10) Cap, (BE(0)) ~ |al'/"Cap4(B.(0)) = |a|'/*Capy(e).
Thus, (2.8) follows from (2.10) and (1.4).
2.1. PROOF OF PROPOSITION 2.1. We need a sequence of lemmas.

LEMMA 2.5: For e > 0,

sup E,7. < oo.
z€D\Ac

Proof of Lemma 2.5. The proof depends on the particular boundary condition
on 0D.

e BC 1. For § > 0 we define the domain Dy,
Ds = {xz € R? : dist(z, D) < §}.

We denote the principal eigenvalue for L in Ds\ A, with the Dirich-
let boundary condition on 0Ds U A by Accs and let ¢. s be the
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corresponding eigenfunction. Let K = max K;, where K is the con-
stant appearing in (1.2) related to AZ. The choice of K guarantees that
A, CC Age.. By [7, Theorem 4.4.1], for every ¢ > 0 sufficiently small,
there exists > 0 such that

)\0,6,5 < Ae.
It follows that

(2.11) (L f)\c)(bc,gg < ()\57575 — )\C)d)C@g < 0.

in D\ Age2.. Denote by EL the expectation for the diffusion process on
Ds, generated by Lg and killed at 9Dy, with X (0) = z. Let

Tr2.N\TD R
v(z) = Eko / elo VIX()du=sde g e D\ Age..
0

Let GL_», denote the Green’s function for L =\, on D\ Agz.. Then,
by the Feynman-Kac formula, it follows that

(212) va) = [ Gus ey
D\A o,
From (2.11) and the Feynman-Kac formula we obtain
Tr2./N\TD R
¢c,e,6($) > ()\c _ )\07676)1[5150/ ¢C,€,5(X(S))€fo V(X (u))du—sAc 1o
0

> ’U(l‘)()\c - )\0,6,5) €D1{1£ i (bc,e,é(-r)-
€ K2e

Since ¢ e is continuous and positive on D\ Ag=., it follows that v is
bounded. Hence from (2.12) we find that v’, defined by

o(z) = / Grox (2.9)0e(y)dy, @€ D\Age.,
D\AK2€

is bounded. In particular, v’ is the minimal positive solution to

=
[
>
I
@\
|

_¢c in D\AK%;
v =0 on 0D U 0Ak=,.

—

From the Hopf maximum principle it follows that V¢, - 7 < 0 and
Vo' -7 < 0 on 0D, where ® is the outward unit normal to D at
OD. Let w = v'/¢.. By L’Hopital’s rule and the continuity of the first
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order derivatives of v" and ¢. up to the boundary, there exists a positive
constant M such that limsup,_,5p w(xz) < M. Thus,

sup  w(z) < .
;cED\AKzE

Since w is the minimal positive solution to

Lw=—1 in D\Ag>,

w =20 on JAge.,

we have that w(z) = E,7gz2, and the lemma follows.
e BC 2. ¢, is strictly positive in D. This implies that £ is uniformly
elliptic and has a bounded drift coefficient. Therefore,
p= sup Py(re>1)<1.
z€D\ A,

By the Markov property

E,7e < ZPQE(TE > k) < Zpk < 0.
k=0 k=0

The bound on the right-hand side is independent of the specific choice
of x. This implies the lemma.

LEMMA 2.6: Let f € C*(D), be a function with 0 < f < 1 which is not

identically 0. Let
E, [y f(X(s))ds
By, [ F(X(s))ds’

Then lim,_,g u.(x) = 1, uniformly on compacts.

ue(x) = x € D\{z1,...,z,}.

COROLLARY 2: The function
Eq7e

x € D\{xy,...,x
Em2’57—67 \{ 15 ) n}
converges to 1, uniformly on compacts.

Proof of Lemma 2.6. Let
ve(z) = EI/ f(X(s))ds, xe€ D\A..
0

Then
Ve

- f’Uede,e'

Ue
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We will prove below that there exists a positive constant K, independent of e,
such that

(2.13) ve < K<1 + /vedmg,c).

Since X is recurrent, limcﬁofvcdmgy6 = oo and it follows from (2.13) that
{u¢} is uniformly bounded. Since Lv. = —f, it follows that {Lu.} is bounded
in C*(D). By the standard compactness argument involving the Schauder
estimates and the Ascoli-Arzella theorem, it follows that {u} is precompact in
Cloe(D\{z1,...,z,}). Let u be a limit obtained by some subsequence. It is
clear that Lu = 0 in D\{z1,...,2,} and that u is bounded. We note, however,
that this argument does not imply automatically that u satisfies the boundary
condition (in BC 2). Fix « # y € D\ A¢ and let €, p > 0. Then

E, Jo ™" F(X (s))ds
fvedm2,e ’
for all € sufficiently small. Letting ¢ — 0, it follows that
u(x) = Emu(X(TBp(y) ATer)).

Letting ¢ — 0, we obtain u(x) = E,u(X(7p,(,))). Finally, letting p — 0, we

ue(x) = Eyu, (X(TBP(y) ANTer)) +

have u(x) = u(y). Hence u is a constant function. We will now show that u = 1.
Indeed, by the triangle inequality,

/ucdmz6 f/|u7u6|dm2,e < /udmz6 < /uedmz6 +/|u7u6|dm275.

As [ucdms . =1, letting € — 0 gives the required result. Since {u.} is precom-
pact in C? _ and every convergent subsequence converges to 1, it follows that

{ue} converges to 1in C? , as € — 0.

oc)

We now return to the proof of (2.13). Fix a domain E satisfying {z1,...,2,}
C EF cCc U. By the strong Markov property,

/ FX ds—i—IEIEXTE)/ F(X(s))ds, x€ D\E.

Since f takes values in [0,1], the first term on the left-hand side is bounded
above by C7 = max;coy E,7p < o0, due to Lemma 2.5 The second term on

the right-hand side is an L- harmonic function on U\E, since it is equal to
E.h(X (tg)) with h(y) = E, [ f ))ds. By Harnack’s inequality,

EEX<TE/ f(x ds<02EEXTE>/ f(X(s)ds, @,y €U,
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where C5 > 1 is a constant independent of €. By integrating the right-hand side
with respect to ms . we obtain

maXE e EX (rg) / f(X(s))ds < C3E mQFEX(rE)/ f(X(s))ds

€0
S CQETM,E/ f(X S
0

:Cg/’ljedm27€.

Summarizing the last observations, we have proved that

(2.14) max ve(z) < C1 + By, . / f(X(s))ds=Cy + Cg/vedmgg.

xeoU

We now derive (2.13) from (2.14). Since Lv. = —f, it follows that

(2.15) ve(@) = Eqve(X (7 A72)) + Eq /OTU " F(X(s))ds.

Let C3 = sup,cp E,7v. Then C3 < oo, due to Lemma 2.5. It is clear that the
second term on the right-hand side of (2.15) is bounded above by C3. Since
ve vanishes on 0A., the first term on the right-hand side of (2.15) is bounded
above by max,ecou ve(x). Therefore, it follows from (2.14) that:

ve(x) < Ci 4 Cy /Uedm2,e + (s,
completing the proof of (2.13).

The next lemma will be also employed in the proof for the soft obstacle case,
Theorem 1.3. In order to unify notation, we need an additional definition. Let
L. denote the perturbation of £. For the hard obstacle, L. corresponds to £
on the domain D\ A., with the Dirichlet boundary condition on dA.. In the
soft obstacle case (see Section 1.2), £, = (L —\. — W.)% = L — W, on D. The
principal eigenvalue for L. is Acc — Ac.

LEMMA 2.7: Let ¢. denote the positive eigenfunction corresponding to Ac.c—Ac,
the principal eigenvalue for L., normalized by
(2.16) Ge(x)dma (x) = 1.

U

Then {}c }e>o is uniformly bounded and converges to 1 in C¢ (D\{z1,...,x,}),

ase— 0.
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Proof of Lemma 2.7. Recall that in contrast to the other lemmas, which are to
be proved only for the hard obstacle case, this one we need to prove both for
the hard and the soft obstacle. We write A as a short notation for A.. — A..
Note that A\¢ < 0. In the hard obstacle case we extend ¢. to D continuously,
by letting ¢ = 0 on A.. The first step in the proof is to show that {¢p¢}eso is
uniformly bounded. Let E CC D be a smooth subdomain, such that U C F.
By Lemma 2.5 and the Chebychev inequality, there exists some k € N such that
p=In sup P.(rg >k)<0.
z€D\E

Since lim¢_,0 Ac = 0, we have p — kA, < 0, for € > 0 sufficiently small. Using
the identity Eye ™8 =1 — )\, fooo P.(tv > s)e"\e“"ds7 we obtain

Epe ™78 < 1= Ak Y Pu(rg > kj)e MUTIR,
j=0

By the Markov property it then follows that

o0
(2.17) M =limsup sup E,e 7 < limsup(l — )\gk’z eIP DR o,
e—0 IED\E e—0 =0
Therefore, E, ¢ (X (TE))e_’\JE defines a positive solution to the equation Lu =

Acw in D\E . By the Feynman—Kac formula, ¢. admits the representation

(2.18) be(x) = Eppe (X (1E))e™®, € D\E.
By (2.16) and the Harnack inequality, there exists a constant ¢ > 1, such that
(2.19) limsup sup ¢.(y) < c.

e—0 y€eoE

From (2.17), (2.18) and (2.19) we get

(2.20) limsup sup ¢.(z) <cM.

e—0 zeD\E
Let £y CC D be a smooth subdomain such that £ CC E; and let p and ¢
denote the principal eigenvalue and eigenfunction for £ in F; with the Dirichlet
boundary condition on 0F;. Since p < 0, there is no loss of generality assuming
that Ac > p. On FE7, denote the h-transformed operator

(£67A5)¢:£E+av(f~vf)\e+p.

In the hard obstacle case, the zeroth order term of (L. — Ac)¥ is p— A, which is
strictly negative. In the soft obstacle case, this term is —W,.+p— A, which is also
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strictly negative. Furthermore, ¢./p is (L. — A¢)?-harmonic on the respective
domains, which are F\ A, for the hard obstacle and E for the soft obstacle. The
maximum principle gives

0 e

2.21 max  (r) = max x
(221) max % () = mue % ()
_ Sup,ep p(x)
Let M’ = infmeggga(z) < 00. Then,
(2.22) lim sup max ¢ (z) < M’ max ¢.(z) < M'c,
e—0 z€FE z€OE

where the first inequality follows from (2.21) and the second one follows from
(2.19). Now (2.22) and (2.20) imply that indeed {¢.}c>0 is uniformly bounded.

Due to the uniform boundedness, the standard compactness argument implies
that {¢c}eso is precompact in the Cfoc—norm. In particular, the convergence is
uniform on compacts. Let ¢ be a limit obtained by some subsequence. Clearly
Lo =0 in D\{z1,...,2z,}. The positivity of ¢ is guaranteed from (2.16), the
Harnack inequality and the uniform convergence on compacts. Let x # y be
in D\{«1,...,x,}. Since ¢ is bounded and since {z1,...,z,} are polar for the
L-diffusion, we see that ¢(z) = E.¢(X (75, (y))), for all p > 0 sufficiently small.
By the bounded convergence theorem, ¢(z) = lim, .o E.¢(X (75, () = ¢(y)-
Then by (2.16), ¢ = 1. Hence 1 is the limit of every convergent subsequence.
This implies that {¢c}c>o converges to 1 in C7 .

We return to the hard obstacle case and prove Proposition 2.1. We adopt the
notation from Lemma 2.7. Since Lo = (A¢,e — Ac)Pe on D\ A, and ¢ = 0 on
0A., we observe that

6e(2) = (e — Ao )E, / 6o(X (1))dt.
0
Integrating both sides above with respect to dmsg,, it follows from (2.16) that
()‘c - )‘C,E)_l = Em2,e / / ¢€(X(t))dt-
0

By Khasminskii’s construction in (2.3) and the fact that for all f € C(D),

Epp, . 002 J(X(t)dt =Ep, . 0771 F(X(t))dt, we obtain

(Ae — )‘c,e)_l =Em, . /002 Ge(X(s))ds — Enm, . /001 de(X(s))ds

- ( / qsedu) B2~ B [ 6X(5)ds.
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As e — 0, ¢ are uniformly bounded due to Lemma 2.7, and E,,, .oy are clearly
also uniformly bounded. Thus,

Ae = Aee) ™t = (/qbedu) B, . 7e + O(1), as € — 0.

We conclude that

—1
(>\c - AC,C)Emg,eTE - </¢€du + 0(1)> .

By Lemma 2.7 and the bounded convergence theorem, the right-hand side goes
to 1 as € — 0. Thus, Proposition 2.1 follows directly from Corollary 2.

Throughout Sections 2.2 and 2.3 below, we denote the unit outward normal
to U\A. on 9A. UAU by 7.

2.2. PROOF OF PROPOSITION 2.2. We prove the proposition via a sequence

of lemmas. We begin with some notation. We denote the Green’s function
G(z,y)
n(y) *
two variables of g is replaced with a measure, a function or a set, we should

for pL by g(-,-). Clearly, g(z,y) = As before, whenever one of the
interpret the expression as the integration of that variable with respect to the
corresponding measure, function or over the corresponding set (e.g., when «v is a
measure, g(a,y) = [, g(x,y)do(x), when A is a subset, g(z, A) = [, g(x,y)dy,
etc.). We also define pL, the formal adjoint of L. Then

- ;v (aV) —u(bJravqjic) V_V. (u(b+av¢‘i'3)).
Let

b= —;aVu—l—u(b—i—avf).

The operator £ was defined in (2.2). Tt satisfies: V-b = —EM = 0. Consequently,

we have

1
M[::V'(Q(M(IV)er): V- (paV)+b-V, and

1
2
—~ 1 1
uﬁzV-(Q(uaV)fb): QV-(uaV)fbV.

LEMMA 2.8: Let v. be the solution to
;Zv =0 on U\A;

v=E;,.m ondAg;
v=20 on OU.
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Then
(1) dmy,c(z) = JpaVoe(z) - Wdz, and
(2) ve(y) = g(ma.e,y) for ally € U\A..
Proof. We define
1
(2.23) pe(x) = 2uaVUE(az) -n(z), =€ A

Thus, pe can be interpreted as the density of a finite measure supported on A,
with respect to the surface area. We will denote this measure by p. as well.
Fix y € U\A, and for every ¢ > 0 sufficiently small, we let ¢s5 be a smooth,
nonnegative function, supported on Bas(y), which is identically 1 on Bj(y).
Clearly, uLyg(x,ps) = —ps(x). Hence,

/ ps(x)ve(x)dr = —/ 1Lg(x, ps5)ve(x)de.
U\A U\A.,
In particular, it follows that
ve(y) = — lim wLlg(x, os5)ve(x)d.
5—0 U\AF
We integrate by parts the right-hand term:

| ntotapnudors = [ gleeanlu s
U\A.

U\A.

1
-/ <2uan<x,m e m) ve(a) - Tda
0A.

- / ;uach(x)g(x, @) - md.
DA,

The first term on the right-hand side is equal to 0, because /;Zve = 0. Since v,

is constant on A, and pl = V - (paV + b), the divergence theorem for the

domain A, implies that the second term is equal to | AL ws(z)dx. Our choice of

s guarantees that as § tends to 0, this quantity convérges to 0. The last term

is equal to

L w = — z 2)dz
_/ng(;(z) /BAS ZMaVUE(x)g(x,z). ndrdz = /Ugog( Vg (pe, 2)dz,

whose limit as § tends to 0 is —g(pe, y). Therefore we have proved that v (y) =
9(pe,y) for all y € U\ A.. In order to complete the proof, we have to show that

Pe = MY e



Vol. 169, 2009 SHIFT FOR THE PRINCIPAL EIGENVALUE 201

The function g(p,-) is pL-harmonic on A, and is identically Epn, . m on
G(z,y)
w(y) ?
Since both functions vanish on 9U, it follows from the maximum principle that

0A.. Since g(x,y) = (2.4) implies that g(pe,y) = g(ma,e,y) on OA..

they are equal on U\A.. By the maximum principle for each of the domains
Al j =1,...,n, it follows that g(pe,y) = g(mi,e,y) = Ep,.m on Ac. Let
v = pe — mi.. Then 7 is a signed measure, supported on 0A. and g(v,y) is
identically 0 on A.. Let A CC U be a compact subset of U and let { fr,} C C2(U)
be a bounded sequence which converges to 14 pointwise. Since

/g(w,y)uﬁfk(y)dy = —fr(),
integration of both sides with respect to v yields:
[otwutswis=- [ fi@airw.

By assumption, the left-hand side equals 0. The right-hand side converges to
—v(A4), as k — oo. This implies that v = 0, concluding the proof.

Next we show that £, has a representation as a surface integral on 0A.:

LEMMA 2.9: Let u be the Eg-capacitary potential of A, in U. Then Ep (A, U) =
1 —
3 Joa, HaVu - wdz.

Proof. The proof is straightforward. Since u =1 on 0A. and V - b = 0, by the
divergence theorem faA bu? - mWdx = 0. Since u = 0 on U, we obtain

(2.24) o:/ buQ-dez/ buQ-ﬁdazz/ V- (bu?)dz.
OA. 0A UOU U\Ac

Consequently,
1 _ 1 _
/ uaVu-nda::/ ( uaVu—I—bu)u-nda:.
2 Jaa., aA.uoU \2
Thus,
1 _ 1 1
paVu - ndr = V- (,paVu + bu)udz + paVu - Vudz
2 Joa, U\A. 2 \A, 2
1
+ / V- (bu?)dz,
v\A, 2

where for the third term on the right-hand side we have used the fact that
V - (bu?) = b- Vu?, because V - b = 0. The first term on the right-hand side is
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fU\AF (uLu)udz = 0. The second term is £, (Ae, U). The third term is equal to
0 due to (2.24).

We are ready to prove Proposition 2.2. Let v. be as in Lemma 2.8 and let u
be as in Lemma 2.9. Noting that the restriction of v and v, to 0A. U QU are
equal, we may apply (2.24) here to obtain faA Loy bveu - Tdxr = 0. Then, by

lemma 2.8,
1 _ 1 N
1=mq(0A) = paVoeu - Wdr = pwaVve —bve | u- ndx.
aA, 2 0A.uU \ 2
Consequently,

1 1
1= / A\ ( pnaVuoe — b’UE) udx +/ paVoue - Vudzx —/ veb- Vude.
U\A. 2 \A, 2 U\A.

The first term on the right-hand side is fU\A u/;Zvedx = 0. Since éuaVve-Vu =
éV - (vepaVu) — éV - (naVu)ve, it follows that the last two terms are equal to

1 1
/ ve - paVu - ndr — / V- < (naVu) + bu> vedz.
oA, 2 U\A. 2

By the definitions of v, and £ (Ac,U), the first term is equal to E,,, . mE(A,U).
As for the second term, it is equal to — fU\A vepLudr = 0. Thus, we have
shown that 1 = E,,, . mE,(Ae, U). The proof is now complete because Ey,, .11 =

Emz,eJQ'
2.3. PROOF OF PROPOSITIONS 2.3 AND 2.4.

Proof of Proposition 2.3. We prove both cases simultaneously. For (2.6), we
let u;, j = 1,...,n denote the ,-capacitary potential of A7 in U;. For (2.7),
u; is the capacitary potential of A in U; with respect to a. We remark that
the assumption that €2 is bounded if d = 2 was made to insure that u is not
constant.

Since u = u; = 1 on dAJ, Vu; and Vu are positive, scalar multiples of
7, the outward unit normal to U \Ai on 9AJ. By the maximum principle,

0<u; <u<lon Uj\AEJ hence Vu,; -7 > Vu- 7. Since a is positive definite,
(2.25) aVu;-n > aVu- 7.

Let v; = (1 — pe)uj + pe. Now u=v; =1 on 9AJ and u < v; on 9U;. Again,
by the maximum principle, 0 < u < v; <1 on Uj\Ag. Hence

(2.26) (1—p)aVuj-n =aVv; -1 < aVu- 7.
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In light of Lemma 2.9, (2.6) follows from (2.25) and (2.26). It is easy to see that
Cap, (A, Q) admits a similar representation to the one given by Lemma 2.9:

1
Cap, (A, Q) = ) /9A aVu - 1 dz.

Hence, (2.7) follows from (2.25) and (2.26) as well. Finally, by the standard
compactness argument, © — 0 uniformly on compact subsets of U\{z1, ..., z,},
as € — 0. Hence, lim¢_,g p. = 0.

Proof of Proposition 2.4. Without loss of generality we may assume that x; =
0. To simplify notation, we write A, instead of Al. We will prove that there
exists a constant C' > 0 such that for every § > 0 sufficiently small there exists
a domain Us CC D containing 0 with the property

1(0)Capy gy (Ae, Us)

(2.27) 1-46C < (A, Uy) <1+44C, for all sufficiently small e.
Once (2.27) is established, we can apply Corollary 1 to obtain
1(0)Cap, o) (Ac) 1(0)Cap, o) (Ae)
1 —-6C < liminf < limsu <1+446C.
e—0 gﬁ (Ae, U5) e—0 P gL', (Ae7 U5)

Since § is arbitrary, this concludes the proof of the proposition.
We now prove (2.27). Let b = b+ “ch. Then £ = ;V - (aV) + b-V. We
define the constant-coefficients operator

Since a(0) is an invertible matrix, by letting Q(z) = a(0)~'b(0) - z, we have
b(0) = a(0)VQ and

Ly = ;(372QV- (e*2a(0)V).
Fix a subdomain Uy CC D such that 0 € Uy. We choose a constant C7; > 0
such that the following conditions will hold:

(2.28) ]2 < Crv- 2@ (0), Vo € Uy and Vo € RY
1
(2.29) o [v|? < w- (ua)(x)v < Ci|v]?, Vo € Uy and Vo € RY;
1
(2.30) sup |29@)]| 4 sup |Ve2?@| < (.
z€Uo z€Uo

For a domain F’ we denote the principal eigenvalue of —A on F' with the Dirichlet
boundary condition on OF by pg. In the sequel, whenever A, CC F, we will
write pp . meaning PF\A,- We recall that in this case, pr > pp and that in
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general, pp — 00, as I’ shrinks to a point. We denote the operator norm of a
real d x d matrix acting on R¢, equipped with the standard Euclidean norm by

- 11T
Let a1(z) = p(0)e*?®qa(0). For § > 0, we choose a domain Us C Uy with
0 € Us satisfying:

(2.31)
<1490, Vx,yeUs, ve Rd\{()};

(2.32)

sup |[[|a(z) — a(0)[|| + sup [[[(ua)(z) — (na)(0)[[] + sup [b(x) — b(0)| < ;
zeUs x€Us zeUs

(2.33)
PUs

L.
20% ”

If A is a continuous positive definite matrix-valued function and ¢ is a vector
field on Us\ A, then define

1
leli= [ o Aed.
Us\Ae

This definition should not be confused with the norm on R? defined in (1.5).
Abusing notation, we will use || - || as short notation for || - ||74 as well as for the
L? norm for a scalar function on Us\ A..

Let u. denote the capacitary potential of A, in Us with respect to ¢*?a(0).
Let v, denote the £,-capacitary potential of A in Us. Set 1. = ue — ve. Then,
We have

Lo = 1V - ((a—a(0))Voe) + (b —b(0)) - Vo, in Us\Ae

(2.34)
Ye=0 on 9U; U dA..

Multiply both sides by —e?@4). and integrate over Us\ A.. One obtains
(2.35)

/\ 1/1562Q£01/16d$
Us\Ac

71 2Q . . B 2Q R B N .
Q/Ua\Aez/}Ce V- (@ = a(0)Vee)d /U(S\Agwce (b—0(0)) - Voedx

= (I) + (II).
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On the other hand, since 1. vanishes on OUs U 0A,, the divergence theorem

gives
(2.36)
Vel =y [ e RaOVide =~ [ g
2 Jus\a. Us\A.
Thus, by (2.28), (2.35) and (2.36),
(2.37) IV < Cr () + ()]
By (2.30) and (2.32),
(2.38) (D] < 6C[Pel[[[Vvell < SCL([[¢ell + Vel DIV el |-

The divergence theorem gives
=y [ 9 o a0 vl
2 Jus\a.

By (2.32) we have
)
(2.39) o< [ V)| Ve
Us\Ac
Now, |V (e2P.)| < |9.Ve??| + 29V |, therefore by (2.30), |V(e?@q,)| <
C1(|Vbe| + |1e]) and it follows from (2.39) that

(2.40) (D] < 0CL([[¢e | + (Ve DI Vel |-
Thus from (2.37), (2.40) and (2.38) we obtain
(2.41) IVeel® < 2CE6([[pell + Vel DI Vvell,

By the Poincaré inequality,
pUs.llell* < Vel
Therefore (2.41) gives
pUs eVl = 2CF8(Voe|[|vell — 2C3 8[| Ve || Ve || < 0.
This is a quadratic inequality in [|1)||. Thus,

2070(|Vve|| + \/4C1 52| Vo |2 + 8CFpu el Ve[| Ve |
2PU5,5

20U, el Vell
23Vl (14 /1 + 2o

PUs e

[l <
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Plugging this inequality back in (2.41), we obtain

20162 Vue||® 2pUs.e || Vibel|
2 T l1r4+4/1 YO 207 el Voell.
”vwﬁH — PU; + + 0125HV'U€|| + Cl(SHV’(/) HHVU ”

After dividing by (8]|Vuc|))?, we are left with the inequality

4 2pUs.¢ || Vipel|
(Iaty? 2 (i IR ivw

5[Vl PUs e Lo Ve
Letting ¢ = ;\“ngilll‘ , the above inequality may be rewritten as
2C1 2pU; e
(2.42) < “ (1 14 P ) 4202
PUs e Cq

Assume that ¢ > 1. Tt follows from (2.33) that the expression under the root
sign in (2.42) is bounded above by QQPZ‘Z‘C < (QP?JC)Q. We obtain
1 1

204 20 2py, .
G pg;; - 20%¢ < C2¢ +4C2¢ 4+ 2C%¢ = 1C%C.
PUs e PUs e 1

Thus, ¢ < C3 = max(7C%,1). From the definition of ¢ we obtain
[Vipe|| < 6C5[Vvell.

With (2.29) we have

(2.43) Vel < VOUIVE| < 53/ C1Cs[ Ve

Since
I Vellpa = [Vellpa | < [[Vellpas
we obtain
[Vl = [V eellua | < 63/CLCo Vvl
where the second inequality follows from (2.43). Dividing by || Vve || ua, We obtain

Vel pa

<14 6/CiCs.
IV 0e]lua '

1—6/C1Cs

Recall that [|[Voc|2, = E£(Ac, Us). Taking the squares of the above inequalities,
we get

2 IVuellfa

(2.44) (1—0+/C1Cs) Eo(An Un)

< (14 64/C1C5)2.
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Finally, we compare between || Vu|?, and u(0)Cap,q)(Ae, Us). Let we denote
the capacitary potential of A, in Us with respect to a(0). Define the set M by

letting
M={veCXUs):v>1on A.}.
We have
Cap, o) (Ac, Us) = |Vwe||2 o) = Inf N[
and
Gy, (AeUs) = |V, = inf [V,
By (2.31),

IVuelfia < (14 6)Cap,, (Ae, Us) < (1+0)[ V|7,

1496
< 1_ 5M(O)Capa(0) (Ae, Us)

146 146
=1 _ sHOIVwelGo) < |~ IVuellun o)

It also follows from (2.31) that

1 + o
IVuclfuayo) < | _ s1Vuelia

We, therefore, obtain

1—4d _ IVue|fa _ 1+
1+6 7= p(0)Capgpy(Ae, Us) ~ 10

Thus, (2.27) follows immediately from (2.44) and (2.45).

(2.45)

3. Proof of Theorem 1.3

In order to exploit the radial symmetry the model has near the centers of
the obstacles, we will assume that U C D is the disjoint union of balls Uj,
j =1,...,n, all of which with the same radius, the center of U; being z;. In
what follows, we will only consider e sufficiently small, such that A7 C U; for
all j. This choice of U is in contrast with the hard obstacle case where U was
taken to be connected. We let m; . and ms . denote the invariant measures on
0A. and OU, respectively, as defined in the beginning of Section 2. Although
U is not a domain unless n = 1, Lemma 2.8 remains true in this case as well,
the proof requires no changes. As a result, we note that ms . is uniform on 9A?
and my (A7) = 1/n.
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We state two lemmas and then give the proof of Theorem 1.3. After that, we
return to prove the lemmas.

LEMMA 3.1: Let
po = Buon (- [T W),
0

Then,
o t E7}'L2€T€
Em%/ exp 7/ We(X (s))ds |dt ~ 1o as e — 0.
0 0

— Pe
LEMMA 3.2:
o] t
~(Aee) P ~Eps. / exp ( — / Wg(X(S))dS) dt.
0 0
Proof of Theorem 1.3. By Lemmas 3.1 and 3.2,
1— pe

ETTL27€T€

*Ac,e ~

)

as € — 0. The asymptotic behavior of (Em“n)*l is already known from
Proposition 2.1 and Theorem 1.2:

1n:—1 Z?:1 be(z4) d=2;

(Emz,576)71 ~ Y dd—Dwae 2 —n
( 2)2 ! Zj:l de(x;) d=3.

Thus,

Ine—1 Z?:1 de(z)) d=2;

(3.1) e~ (L= p) x § Ime! Zem O]
d(d 2)2 d Zj:l ¢c($j) d>3.

It only remains to evaluate the asymptotics of 1 —p.. Without loss of generality,
we may assume that z; = 0. We note that p. = E,,, , exp(— 0771 We(X (s))ds).
Let e; denote the vector (1,0,...,0) € R?. Due to radial symmetry, we have

(3.2) po=Euvep (= [ W)

It is easier to work with an obstacle whose support is fixed, rather than a
shrinking one. Such a reduction is achieved by Brownian scaling. Let Y be
Brownian motion on R%. For E C R? we let 7). = inf{t > 0: Y (t) € OE}. Let
x € By(0). The distribution of {e ™' X (te?) : 0 <t < e ?7p,(g)}, starting at x
coincides with the distribution of {Y(¢) : 0 < ¢ < Tgfl(o)}, starting at e laz.
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Abusing notation, we denote the function x — W (|x|) by W. After rescaling
(3.2), pe has the following representation:

m:E@wp(—maééﬁéwwvwwnw)

The proof will be divided according to the dimension d and the asymptotics of

g(e)e>.

(1) d >3 and 7 € (0,00). Since Y is transient, bounded convergence gives

p= 1in% pe = E., exp ( - 'y/ W(Y(s))ds)
€—> 0
Hence p = u(1), where u = wu(r) is the minimal positive solution to

"+l —4yWu=0 on [0,00);
(3.3) u’(0) = 0;
lim, o0 u(r) = 1.
Recall that when v € (0, 00), we are assuming that W = 319 ;). We now
show that in this case, p can be expressed in terms of modified Bessel
functions. For r > 1, the differential equation in (3.3) is equivalent to
5 (= (ri=t’)’) = 0. Therefore,
u(r) = Cir?~t4+1, forr>1.
For r € (0, 1), we transform the differential equation in (3.3) to a Bessel
equation by a change of variables. Then u satisfies

(3.4) u T =0, re0)
Let
. d/2—1 .
wie) = (\/275) u(\/hﬁ)'

Then one easily verifies that
(3.5) 20" 4 2w — (2 (1—=d/2)w =0, ze(0,V/270).

Equation (3.5) is a modified Bessel equation. Every solution is a linear
combination of I1_4/o and I/5_1, where I, is as in (1.6) [11, page 138].
Since u(z) = 21~ %?w(y/278z), it follows that

(3.6) u(z) = 21=/2 (AId/Q,l(\/?yﬁz) + BIl,d/g(\/?yﬁz)) .
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It follows from the power series representation (1.6) that
lim 21721142 (v/272)| = 00

and that zl_d/QId/g,l(\/Q'sz) is analytic with the exception of a re-
movable singularity at the origin. These observations imply that B = 0.
One can verify directly from (1.6) that

(L) (2) = =PIy (2).
Therefore, u'(17) = \/2y8Al;/5(v/2v0). Since u and v’ are continuous
at 1, C1 and A are determined by the following equations:
Cir+1l=u(lM)=ul1")= AId/2—1(\/2’76)
(2-d)C1 = /(1) =/ (17) = AV/29B14/2(v/275).
Since p = u(1) = C; + 1, after solving these equations we find that
V2781a/2(v275)
(d—2)14/2-1(V27B8) + V27B1a/2(vV275)
This with (3.1) gives Theorem 1.3 (2) for d > 3.
d > 3 and v = oco. By bounded convergence, lim._o p. = 0; hence

1 — pe ~ 1. This with (3.1) gives Theorem 1.3 (3) for d > 3.
d =2 and v € (0,00). The proof is essentially the same as for the

17/):*01:

corresponding case where d > 3. However, because of recurrence, we
cannot take the limit € — 0. Therefore, (3.3) is replaced by the following
problem:

%u” + 217«1‘, — g(e)eQI[O,l]u =0 re(0,el);
u’'(0) = 0;
u(e ) =1,

We denote the solution by u.. Then clearly, p. = u.(1). We have
uc(r) = Ci(Inr +1Ine) + 1, for r € (1, 1).

The discussion following (3.3) leading to (3.6) was independent of the
assumption on the dimension, therefore (3.6) also holds in the present
case. In particular,

uc(r) = Aly(v/2g(e)er), r <€t



Vol. 169, 2009 SHIFT FOR THE PRINCIPAL EIGENVALUE 211

The compatibility equations are the following:
Cilne+1=u(17) = u, (17) = Alo(v/2g(e)e
Oy =ul(1h) = = A\/2g(e)el; (\/2g(€)e)

From which we obtain

S B0\
(38)  (1-p)=(1 “6(1))*(”\/zg(e)elne—lll(ﬂg(e)e)) '

z ) z 1+2k
By (1.6), Io(z) = >_pep ((2? and I1(z) = >, (k!/(i)Jrl)! . In par-
ticular, IO( )/I1(2) ~ 2/z as z — 0. Since lim._g+/2g(e)e = 0, we

obtain

Thus, by (3.8),

(1= pe) ~ (1 * g(e)e;lne*l)_1 ~ (1 - fly)_l'

This with (3.1) gives Theorem 1.3-(2) for d = 2.
(4) d =2 and v = co. For every 7 € (0, ),

1+1/7)7t< hmlnf(l — pe) <limsup(l —p) < 1.

e—0
Thus, we have
1in(1)(1 —pe) = 1.

This with (3.1) gives Theorem 1.3 (3) for d = 2.
(5) d > 2 and v = 0. Define

TH
uc(z) = Ey exp < 9(6)62/ o W(Y(s))ds), z € B,-1(0).
0
Then p. = uc(er) and u, is the solution to

sAu—g(e)e*Wu=0 in B.1(0);
u=1 on 9B.-1(0).
We also define

we(z) = g(€)’E, /071361«;) W(Y (s))ds, x € B.-1(0) and
'Ue(x) =1- (1 - we(o))we(x)a T € Befl(o)'
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(3.14)
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Since et > 1 —t, t € R, we note that
1 — we(x) < ue(x).
Consequently,
1—pe=1—ucler) <weler).

It is clear that w, is radially symmetric and satisfies %AwE = —g(e)e*W.
Therefore by solving the corresponding ODE’s we can see that for all
lz] <1,

we(z) = 2g(€)e? fol W (t)t [Ine™t —In(|z| v t)] dt d=2;
) ae@e [Lw et () v )2d — 2] dt d > 3.
We observe that the maximum of w, is attained at 0. We claim that
lim we (0) = 0.

If d > 3, then (3.12) holds as an immediate consequence of the defini-
tion of we, because Y is transient. If d = 2, then by (3.11), w,(0) ~
2g(€)e?Ine? fol W (t)tdt. The last quantity goes to 0, as e — 0, giving
(3.12).
From now on we restrict the discussion to € > 0 sufficiently small so
that w.(0) < 1. Now,
1
= 9()*(1 = we (YW < g(e)e*(1 — we(2))W < g(e)e*Wue =, Au,
where the last inequality follows from (3.9). Hence by the maximum
principle, ve > u.. In particular,
1—pe=1—ucler) >1—vc(er) = (1 —we(0))we(er).
Summarizing, the inequalities (3.13) and (3.10), give us
(1 —we(0))we(er) < 1= pe < we(er),
and it follows from (3.12) that
1—per~ we(el)-

We continue according to the dimension d. If d > 3, then by (3.11) and
(3.14) we have

2g(e)e? [*
1= po ~ 2900 / W ()t dt.



Vol. 169, 2009 SHIFT FOR THE PRINCIPAL EIGENVALUE 213
If d = 2, then by (3.11) and (3.14) we have
(3.16) 1 —pe~2g(e)e?Inet /1 W (t)tdt.
0
Theorem 1.3 (1) follows from (3.1), (3.15) and (3.16).

Proof of Lemma 3.1. Decompose the time interval [0, co) into cycles [0y, 0741),
where n € N. Each cycle consists of two parts — one part from the beginning of
the cycle until the hitting of the obstacle, and the other part from the hitting of
the obstacle until the end of the cycle. These two parts correspond, respectively,
to the time intervals [0y, n,) and [0y, 0nt1). We have

o] t [ee]
Epn, . / exp ( - / WE(X(s))ds) dt = B, (Fn+ Sh),
0 0 n—1

F, = /GZ exp ( /Ot WC(X(S))ds> dt,and
S, = /:+ exp < - /Ot WE(X(S))ds) dt.

Note that in the first part, the process does not visit the obstacle, which implies
that the integrand in the definition F), is exp(— [5" We(X(s))ds). Thus,

where

Foo = (1 — o) exp ( - /Oan WE(X(s))ds), and

(3.17) S, = exp ( _ /OU" WS(X(S))ds) /}a+ exp (— /]t WS(X(S))ds) dt.

We first estimate > - Esn,. . Fru- By the strong Markov property,

n=1

Eny . Fy = Epn, . exp ( - / WE(X(s))ds) Ex (o, 7.
0
By Corollary 2, for any § € (0, 1),
(1 =0)Ep, 7e <Eeme < (14 68)Ep, 7, x €U,

provided that € > 0 is sufficiently small. Consequently,

Z Epy. Fr ~ By 7o ZEW& exp ( — / WE(X(s))ds), as € — 0.
n=1 n=1 0
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We will show that

(3.18) B oxp (= [ WX ) =

This yields

(3.19) S By, Py ~ 1’”_“;6, as € = 0.

n=1

To prove (3.18), fix n € N and note that

Epn, . exp ( /Owl WE(X(S))ds) = Epn, . oxp < - /Oon WE(X(S))ds).

By the strong Markov property,

Emlﬁ[exp< / WX ds)m }
—eXp(/O W.(X ())ds)EX(,7 )eXp( / W ())ds).

Due to radial symmetry, for z € 0A,

Brexp(— [ WOX(6)s) =By exp (= [ WX(S) =

This implies that

By, . exp ( / W.(X > = peEp, . exp < /OUM WC(X(S))ds>,

and (3.18) follows by induction.
We now estimate Y | Ep,, Sn. Let

R =E,,, /001 exp < - /Ot WE(X(S))ds) dt

Again, by radial symmetry, for all x € JA.,

o1 t
(3.20) R, = Ez/ exp (/ WC(X(S))dS> dt
0 0
We now prove that
d R. o(1)
21 = .
(3:21) S En.sumy T, = 2
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By (3.17) and the strong Markov property,

EmQESnEmQE[exp< / W ( ())ds)EX(,,)
o[ oo (= [ waxenas)al
Eo,.. exp ( [ WE<X<s>>ds) R..

Therefore, (3.18) and (3.20) imply that
mg FSn - pn IR

Since R = O(1), (3.21) follows. The lemma is an immediate consequence of
(3.19) and (3.21).

Proof of Lemma 3.2. We adopt the notation from Lemma 2.7. In addition, we
let Ge(+,-) denote the Green’s function for £.. Abusing notation, the measure
whose density is [ G(z,-)dms (z) will be also denoted by G. By the Feynman-

Kac formula
[e%s} t
G (D) =En,. / exp (/ WE(X(S))dS> dt
0 0

Then by Lemma 3.1,
EmgveTC

(3.22) Ge(D) ~ "

, ase— 0.

Since
d)e(z) - 7>\C,E/G€(zﬂy)¢6(y)dyﬂ

integrating both sides with respect to dms ¢, the normalization f oy Pedma e =1
(2.16) implies that

(3.23) e = (/Dqsﬁdaﬁ)_

In light of (3.22) and (3.23), in order to prove the lemma, it is enough to show
that

(3.24) / ¢dGe ~ G (D), ase— 0.
D

It is clear that

/|1—¢E|dG </ 6edG, < G /|1—¢E|dG
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Hence (3.24) will be established once we show that
f |1 - ¢€|dG€

lim P

<% G(D)

We now prove (3.25). Fix § > 0. Let V cC D\{x1,...,2,} be closed and

let £ = D\V. We further assume that p(E) < §. By Lemma 2.7, {¢pc}eso0
converges uniformly to 1 on V. By recurrence, lim._,o G¢(D) = oo, and

(3.25) =0.

. fV |1 - ¢e|dGe
3.26 lim su =0.
(3.26) ns D)
We will prove below that
. Ge(E)
3.27 lim su < 26.
( ) e—0 P GE(D) -

Lemma 2.7 also guarantees that {¢.}c~o are uniformly bounded, say by C > 0.
It follows from (3.27) that

/ 1 — ¢c|dGe < (1+ C)G(E) < 306(1 + C)G(D),  for e sufficiently small.
E

Using this with (3.26) gives
. fD |1 - ¢e|dGe
lim su
e—0 P Ge (D)
Since ¢ is arbitrary, this proves (3.25). It remains to prove (3.27). Similarly to

38(1+ C).

what we did in the proof of Lemma 3.1, we can write

= Z F, + Z Sn7
n=1 n=1

S = Ep, . /:" 15(X (1)) exp ( - /Ot WE(X(s))ds) dt, and

n

Fu= g [ e ew (- [ Wcxnas)a

n

Let f be a smooth function such that f > 1p. Since we assume that p(E) < 6,
we may choose f that also satisfies fD fdu <. We have

LAY
Fn = m2 . eXp < / W dS)EX(U )/ ]_E(X(t))dt

7rL2 L« €XP ( / W dS) IEX(O'n) f(X(t))dt

where
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Therefore by (3.18),

Fn S maXE / f

xeoU

By Lemma 2.6, we then obtain

F, <2p"~ 1Em2’5/ F(X(t))dt
0

provided that e is sufficiently small. Next, the last term on the right-hand side

is bounded above by Ey,, [7° f(X(£))dt = Ep, , [, f(X(t))dt. By Khasmin-

skii’s construction in (2.3), the last quantity is equal to

/ FAUEmy 11 = / FA(O(1) + Epny . 70).

It follows that
Fp <202 6(Epp, . 7e + O(1)).

Thus,
> 20(E,, .7 + O(1))
3.28 F, < 2 )
(3.28) ; < i o
Note that

Sn S EnLg,eS’m
where S, is as in the proof of Lemma 3.1. Hence by (3.28) and (3.21) we get

(320)  G.(E)= g(F" +5,) < 25(1Em2,enl+(;(€1)) +o(1)

Finally, (3.27) follows from (3.29) and (3.22).

4. Proof of Theorem 1.4

We will prove the theorem for d > 3, the case d = 2 being treated mutatis
mutandi.

Proof. Since (—\.) is obviously nondecreasing in 3, it is sufficient to prove the
theorem for 3 € [0, 00). By hypothesis,

lim mr(m)* 2% =p3¢€[0,00), and

mé(m)? ~ |D].
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Therefore,
(4.1) lim 5(m)_dr(m)d_2 = 3/|D|.
Since lim,, .o 7(m) = 0, this implies that

(4.2) lim r(m)/d(m) = 0.

m—00

Let A(r, §) denote the principal eigenvalue for § A in the box [—§/2, §/2]¢ subject
to the obstacle 7K. By scaling, we see that \(r,8) = 6 2\(r/d,1). It follows
from (4.2) and Theorem 1.1 that

B r(m)d=2
o), ) ~ "5 Capy ).
Therefore (4.1) gives
(43) Jim Ar(m) ) = = 7P,

We extend the obstacle A, to RY, by translations of the §(m)-lattice. Let
C', be the maximal union of 6(m)-translations of the hypercube [— 5(;"), 6(;’1)]”1
which are contained in D. Let B,, be the minimal union of translations of such
hypercubes which contains D. By symmetry, the principal eigenvalue for a sin-
gle hypercube with the Neumann boundary condition on its boundary coincides
with that of C,, and with that of B,,. It is also clear that if ¢,, is the correspond-
ing eigenfunction for B,,, then in fact it is periodic with respect to the lattice.

/ ’:}W;;‘djx. It follows that
D

By the Rayleigh-Ritz formula, —)\gm) = infyecce(p)
A < Jp |Vem|*dw

o2 dp - Lhe numerator is less than or equal to I IVom|*dz.
D m m

If L(m) is the number of hypercubes in B,,, then M(m)/L(m) ~ 1. Now

M . :
[p @2 > me 2 = L((:;‘)) me 2. Letting m — 0o, we obtain

(4.4) limsup(—A{™) < lim (=A(r(m), 6(m))).

m— oo m—oo

The lower bound requires more work. In what follows, C is a positive con-
stant which may change from line to line. Let u,, be the eigenfunction for cor-
responding to A", normalized by JpuZ, =1. For u € Wh2(D) let [Jul21 =

VIIIVul|[3 + |lul|3 be its Sobolev space norm. Then |[uy,|ls1 = \/1 — A,
Thus by (4.4), |[uml|l21 < C for all m € N. By the Sobolev inequality,
lumllg < Cllumll2,1, where g satisfies 1/g = 1/2 — 1/d. Thus, |um|s < C.
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Let p denote Lebesgue measure on R?. Then for every measurable A C D,

Hoélder’s inequality gives

2/q
(4.5) /Aufn < (/ugn> p(A) a2/ < op(A)a—2/a,

We can now prove the lower bound. By the Rayleigh-Ritz formula,

Vul? Vi, |2
—A(r(m),8(m)) = Cinfc )fom | 2| < fcf| X | _
ueC>*(Cn Com u . uz,

The numerator on the right-hand side is bounded above by [, |Vun,|?. By
(4.5), the denominator is bounded below by 1 — Cu(D\C,,) “". Hence

=A(r(m),8(m)) < (1 = Cu(D\Cpn) 2" ) "1 (=AI™),
and we obtain the lower bound

(4.6) liminf(—AU™) > lim —A(r(m),d(m))

m—00 m— 00

The theorem now follows from (4.3), (4.4) and (4.6).
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